In this article, we prove that the ω-periodic discrete evolution family := {ρ(n, k) : n, k ∈ Z + , n ≥ k} of bounded linear operators is Hyers-Ulam stable if and only if it is uniformly exponentially stable under certain conditions. More precisely, we prove that if for each real number γ and each sequence (ξ (n)) taken from some Banach space, the approximate solution of the nonautonomous ω-periodic discrete system θ n+1 = n θ n , n ∈ Z + is represented by φ n+1 = n φ n + e iγ (n+1) ξ (n + 1), n ∈ Z + ; φ 0 = θ 0 , then the Hyers-Ulam stability of the nonautonomous ω-periodic discrete system θ n+1 = n θ n , n ∈ Z + is equivalent to its uniform exponential stability.
Introduction
The stability theory is an important research area of the qualitative analysis of differential equations and difference equations. Ulam [] proposed a question regarding the stability of functional equations for homomorphism as follows: when can an approximate homomorphism from a group G  to a metric group G  be approximated by an exact homomorphism? Assuming that G  and G  are Banach spaces, Hyers [] brilliantly gave the first result to this question. Aoki ence equations θ n+ = n θ n or θ n+ = n θ n + ξ n leads to the idea of discrete evolution family. The main interest in this area is the asymptotic properties and stability of solutions to such systems. In recent years, the exponential stability of such systems has received a great deal of attention since it has been widely applied in research of control theory and engineering; see, e.g., [-] and the references cited therein.
In this paper, we are concerned with the first-order linear system
where Z + is the set of all nonnegative integers and ( n ) is an ω-periodic sequence of bounded linear operators on Banach space . We proved that system (.) is Hyers-Ulam stable if and only if it is uniformly exponentially stable under certain conditions.
Notation and preliminaries
Throughout, R stands for the set of all real numbers, denotes a real or complex Banach space, L( ) is the Banach algebra of all linear and bounded operators over ,
is the space of all -valued bounded sequences endowed with the sup norm denoted by · ∞ , P ω  (Z + , ) stands for the space of all ω-periodic bounded sequences (ξ (n)) satisfying ξ () = , and we denote by · the norms in and L( ).
Let H belong to L( ) and σ (H) be its spectrum. The spectral radius of H is denoted by
Definition . The operator H is said to be power bounded if there exists a positive con-
We need the following auxiliary lemma.
The family := {ρ(n, m) : n, m ∈ Z + , n ≥ m} of bounded linear operators is called an ω-periodic discrete evolution family for a fixed integer ω ∈ {, , . . .} if it satisfies the following properties:
• ρ(n, n) = I for all n ∈ Z + .
•
It is well known that any ω-periodic discrete evolution family is exponentially bounded, that is, there exist a τ ∈ R and an M τ ≥  such that
When the family is exponentially bounded, its growth bound τ  ( ) is the infimum of all τ ∈ R for which there exists an M τ ≥  such that inequality (.) is fulfilled. It is well known that
The family is uniformly exponentially stable if τ  ( ) is negative or, equivalently, there exist an M >  and a τ >  such that ρ(n, m) ≤ Me -τ (n-m) for all n ≥ m ∈ Z + . Thus, we have the following lemma.
Lemma . The discrete evolution family is uniformly exponentially stable if and only if r(ρ(ω, )) < .
The map ρ(ω, ) is also called the Poincaré map of the evolution family . Consider the following discrete Cauchy problem:
where γ ∈ R, the sequence ( n ) is ω-periodic, i.e., (n + ω) = (n) = n for all n ∈ Z + and a fixed ω ∈ {, , . . .}. Let
Then the family {ρ(n, k)} n≥k≥ is a discrete ω-periodic evolution family. Over finite dimensional spaces, the uniform exponential stability of the Cauchy problem ( n , γ , θ  ) in discrete and continuous autonomous cases has been investigated in [, ].
Definition . System (.) is said to be Hyers-Ulam stable if
φ n+ -n φ n ≤ for any n ∈ Z + and > , and there exist an exact solution θ n of (.) and a constant L ≥  such that φ n -θ n ≤ L for any n ∈ Z + and > .
Remark . If φ n is an approximate solution of (.), then φ n+ ≈ n φ n . Therefore, letting (ξ (n)) be an error sequence, then φ n is the exact solution of φ n+ = n φ n + ξ (n).
With the help of Remark ., Definition . can be modified as follows.
Definition . System (.) is termed Hyers-Ulam stable if ξ (n) ≤ holds for any n ∈ Z + and > , and there exist an exact solution θ n of (.) and a constant L ≥  such that φ n -θ n ≤ L for any n ∈ Z + and > .
Main results
Consider the Cauchy problem ( n , γ , θ  ). The solution of the Cauchy problem ( n , γ , θ  ) is given by
Let us divide n by ω, i.e., n = lω + r for some l ∈ Z + , where r ∈ {, , . . . , ω -}. We consider the following sets, which will be useful in this paper:
If r ∈ {, , . . . , ω -}, then define 
It is clear that
On the basis of partition (.), we construct the space W, which consists of all the sequences of the form
That is,
Obviously, W is the subspace of P ω  (Z + , ). Now, we state and prove the main results.
Theorem . Let := {ρ(n, k) : n ≥ k ∈ Z + } be the ω-periodic discrete evolution family on and let φ n+ = n φ n + e iγ (n+) ξ (n + ), φ  = θ  be the approximate solution of (.)
with the error term e iγ (n+) ξ (n + ), where γ ∈ R and (ξ (n)) ∈ P Proof () Let >  and φ n be the approximate solution of (.) such that sup n∈Z + φ n+ -n φ n = sup n∈Z + e iγ (n+) ξ (n + ) , φ  = θ  , and sup n∈Z + ξ (n) ≤ , and let θ n be the exact solution of (.). Taking into account that is uniformly exponentially stable, we conclude that there exist two positive constants M and ν such that
By virtue of (.), we have
where
and
We write L  in the form
where Using Lemma ., we deduce that r(ρ(ω, )) < . Hence, by Lemma ., is uniformly exponentially stable. This completes the proof.
On the basis of Theorem ., we obtain the following corollary as the main result of this paper.
Corollary . Assume that for each γ ∈ R and each sequence (ξ (n)) ∈ W, the approximate solution of the nonautonomous ω-periodic discrete system (.) is presented by φ n+ = n φ n + e iγ (n+) ξ (n + ), n ∈ Z + ; φ  = θ  . Then the Hyers-Ulam stability of (.) is equivalent to its uniform exponential stability.
